Abstract. We present 75 new examples of complex quadratic fields that have 5-rank of their class groups 5» 3. Only one of these fields has 5-rank of its class group > 3: The field
field K; under certain conditions, the points in the fibres <p~\Q\) and <p"'(£?->) generate two independent unramified cyclic extensions of degree p of K, which, by class field theory, implies that Cip) X C(p) is a quotient of Cl(/i), whence dpC\K)^2.
Assume that the curve E is given by an equation: '2 -v3 C4 x-sh, c4,C (Sez.  48 864 '
Let <2i = (£i> V) and Q2 -(£2-7l) be two distinct points on the curve E with £x, £2 E Q and, as a consequence, tj in some quadratic number field. We wish to compute the field Q(r/), which will play the role of the field K from above. We have From this representation of Q(tj) it is plain that the numbers 6, f2f?, Ç~26, 6, f20, f ~26 all give the same field Q(tj).
Next we parametrize the conic (1), and we obtain a parametrization of the family of fields Q(r/). To make sure that the equation (1) describes a nonempty curve over Q, we will make the assumption that c4 is a norm of an element of Q(0-The numbers 6 with Norm(0) = c4 can be parametrized, e.g., by (3) H,} = {a + H)(-±±±-
where a, b E Z and a + bÇ is a fixed number such that Norm(»7 + ¿f ) = c4, i.e., a2 + ab + b2 = c4.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use all give, up to a square, the same value for M(t), i.e. these numbers give the same field Q(tj).
In order to insure that the class group of Q(tj) has p-rank s* 2, one submits the points öi and Q2 t0 certain conditions (cf. [5, Proposition II.2.2]). Numerical experience suggests that we should only bother about one of these: (4) " the points g, and Q2 should not become singular modulo any prime of K."
This condition boils down to simple congruence conditions on / modulo primes that divide the conductor of E.
In the next section we use the formulae given above to obtain quadratic fields having class groups with p-rank > 3, for p = 5. At present, it seems unclear why such a large fraction of the computed class groups has a 5-rank greater than 2.
3. The Computations. We apply the formulae from Section 2 to the 5-isogeny (i.e. if t -p/q E Q U {oo} with p, q G Z, gcd(p,q) -1, then p Z 2q, -4q, 4q (mod 11)).
We computed the class groups of the fields Q(y'M(') ) for t E P,(Q) with:
(i) t satisfies (5).
(ii) t = p/q; p, q E Z with \p | , | q \ , \p + q |< 40.
This comprised 356 nonisomorphic complex quadratic fields, and we obtained the following distribution of the 5-primary parts of their class groups:
5-primary part frcq. 5-primary part frcq.
<7 ( The following is a list of all complex quadratic fields K, with d^C\(K) = 3 and I A(K)|-10"', known to us: (Here and in the next table we denote by «, X n2 X ■ ■ ■ Xnr the abelian group C(n,) X C(«2) X ■ • • XC(«r).) Diaz y Diaz was the first to compute the class group of the fields 1, 2, and 3. The field 3 was found by him by an entirely different method [4] . The field 7: Q(i/-47 ) occurs for . = 0 (and / = -1, oo, 5, - §, ¿); in the range of our computations it is the only value of t, satisfying the condition (5), for which the corresponding field has a class group with 5-rank < 2. The field 8: Q(v/-11199 ) is the smallest field A" (small with respect to | A( AT ) |) that has a class group whose 5-rank equals 2, cf. It is not difficult to check that these forms are actually of order 5 and independent, e.g. by using the formulae for composition of quadratic forms as given by Shanks in [8] .
Example 10 is, apart from example 7, the only field with prime discriminant that we encountered in our search; it occurred for t = 7/33 (note that 72 + 7.33 + 332 = 372).
The fields 11 and 12 are listed since they are "irregular" for both 3 and 5: the 5-rank of their class groups equals 3, while the 3-rank equals 2. The fields 13 and 14 have class groups with unusual 5-primary parts; these groups are isomorphic to C(5) X C(54) and C(5) X C(55), respectively. We encountered these types of class groups only once.
Finally two of the fields that Solderitsch found [10] are listed. These two fields have discriminants in the range of our computations; the absolute values of the discriminants of the other fields he found are much larger.
It is possible to do computations like these using other elliptic curves. However, if one uses elliptic curves that are defined over Q, one cannot apply this method for p s* 11, since rational p-torsion points on elliptic curves do not exist if p > 11. We did some computations for p = 7, but did not succeed in finding new 7-rank = 3 examples.
The computations of the class groups have been done using Shanks's algorithm as described in [8] . A feature of this algorithm is that it is theoretically possible that one does not compute the full class group, but that one only finds a subgroup of the class group; it is extremely unlikely that this occurred in our computations, but, strictly speaking, all the values of the 5-ranks we found are, in fact, lower bounds. 
